SYMPLECTIC VKg AND SINGULARITIES 



ZANETA TREBSKA 



Abstract. We study the local symplectic algebra of curves. We use the 
method of algebraic restrictions to classify symplectic and singularities. 
We use discrete symplectic invariants to distinguish symplectic singularities of 
the curves. We also give the geometric description of symplectic classes. 

1. Introduction 

In this paper we study the symplectic classification of singular curves under the 
following equivalence: 

Definition 1.1. Let Ni,N2 be germs of subsets of symplectic space (]R^",a;). 
Ni , N2 are symplectically equivalent if there exists a symplectomorphism-germ 
$ : (M^^^o;) ^ (R2",a;) such that $(A^i) = N2. 

We recall that w is a symplectic form if w is a smooth nondegenerate closed 
2-form, and $ : R^" — > M^" is a symplectomorphism if $ is diffeomorphism and 



Symplectic classification of curves was first studied by V. I. Arnold. In |A1) and 
C2] the author studied singular curves in symplectic and contact spaces and in- 
troduced the local symplectic and contact algebra. In |A2] V. I. Arnold discovered 
new symplectic invariants of singular curves. He proved that the singularity of 
a planar curve (the orbit with respect to standard .A-equivalence of parameterized 
curves) split into exactly 2k + 1 symplectic singularities (orbits with respect to sym- 
plectic equivalence of parameterized curves) . He distinguished different symplectic 
singularities by different orders of tangency of the parameterized curve to the near- 
est smooth Lagrangian submanifold. Arnold posed a problem of expressing these 
invariants in terms of the local algebra's interaction with the symplectic structure 
and he proposed to call this interaction the local symplectic algebra. 

In [IJlj G. Ishikawa and S. Janeczko classified symplectic singularities of curves 
in the 2-dimensional symplectic space. All simple curves in this classification are 
quasi- homogeneous. 

We recall that a subset N of R™ is quasi- homogeneous if there exists a coordi- 
nate system (xi, • • • , Xm) on M™ and positive numbers wi, ■ ■ ■ , Wm (called weights) 
such that for any point (j/i, • • • ,ym) G R™ and any t > if (yi, • • • , j/m) belongs to 
N then the point (t^'iyi, • • • ,t™'"ym) belongs to N. 

The generalization of results in jlJl] to volume-preserving classification of singu- 
lar varieties and maps in arbitrary dimensions was obtained in [DR . A symplectic 
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form on a 2-diniensional manifold is a special case of a volume form on a smooth 
manifold. 

In jK] P. A. Kolgushkin classified the stably simple symplectic singularities of 
parameterized curves (in the C-analytic category). Symplectic singularity is stably 
simple if it is simple and remains simple if the ambient symplectic space is sym- 
plectically embedded (i.e. as a symplectic submanifold) into a larger symplectic 
space. 

In [Z] was developed the local contact algebra. The main results were based on 
the notion of the algebraic restriction of a contact structure to a subset of a 
contact manifold. 

In |DJZ2j new symplectic invariants of singular quasi-homogeneous subsets of a 
symplectic space were explained by the algebraic restrictions of the symplectic form 
to these subsets. 

The algebraic restriction is an equivalence class of the following relation on the 
space of differential fc-forms: 

Differential A:-forms wi and a;2 have the same algebraic restriction to a subset 
N if uji — UJ2 = a + df3, where a is a A;-form vanishing on N and /3 is a (fe — l)-form 
vanishing on N. 

In jDJZ2| the generalization of Darboux-Givental theorem ( | AGj ) to germs of 
arbitrary subsets of the symplectic space was obtained. This result reduces the 
problem of symplectic classification of germs of quasi-homogeneous subsets to the 
problem of classification of algebraic restrictions of symplectic forms to these sub- 
sets. For non-quasi-homogeneous subsets there is one more cohomological invariant 
except the algebraic restriction ( |DJZ2j . [DJZl] ). The dimension of the space of 
algebraic restrictions of closed 2-forms to a 1-dimensional quasi-homogeneous iso- 
lated complete intersection singularity C is equal to the multiplicity of C f }DJZ2j ). 
In [D] it was proved that the space of algebraic restrictions of closed 2-forms to a 1- 
dimensional (singular) analytic variety is finite-dimensional. In |DJZ2j the method 
of algebraic restrictions was applied to various classification problems in a symplec- 
tic space. In particular the complete symplectic classification of classical A — D ~ E 
singularities of planar curves and S5 singularity were obtained. Most of different 
symplectic singularity classes were distinguished by new discrete symplectic invari- 
ants: the index of isotropy and the symplectic multiplicity. 

In this paper using the method of algebraic restrictions we obtain the complete 
symplectic classification of the classical isolated complete intersection singularities 
Ws and Wg (Theorems l3.1l and l4.1|l . We calculate discrete symplectic invariants for 
this classification (Theorems 13.31 and 14. 2|) and we present geometric descriptions of 
its symplectic orbits fTheorems 13.51 and I4.4p . 

Isolated complete intersection singularities were intensively studied by many au- 
thors (e. g. see [L]), because of their interesting geometric, topological and algebraic 
properties. 

In [DTI] following ideas from [Alj and [D] new discrete symplectic invariants - 
the Lagrangian tangency orders were introduced and used to distinguish symplectic 
singularities of simple planar curves of type A — D — E, symplectic T7 and Ts 
singularities. In jDT2j was obtained the complete symplectic classification of the 
isolated complete intersection singularities for /l( > 5. 
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The paper is organized as follows. In Section [2] we recall discrete symplectic 
invariants (the symplectic multiplicity, the index of isotropy and the Lagrangian 
tangency orders). Symplectic classification of Wg and Wg singularity is studied 
in Sections [3] and |4] respectively. In Section [5] we recall the method of algebraic 
restrictions and use it to classify symplectic singularities. 

2. Discrete symplectic invariants. 

We can use discrete symplectic invariants to characterize symplectic singularity 
classes. 

The first invariant is a symplectic multiplicity ( |DJZ2] ) introduced in |IJ1) as a 
symplectic defect of a curve. 

Let be a germ of a subvariety of (R^", w). 

Definition 2.1. The symplectic multiplicity ^isymp{N) of TV is the codimension 
of the symplectic orbit of in the orbit of N with respect to the action of the group 
of local diffeomorphisms. 

The second invariant is the index of isotropy |DJZ2| . 

Definition 2.2. The index of isotropy ind{N) of N is the maximal order of 
vanishing of the 2-forms lj\tm over all smooth submanifolds M containing N. 

This invariant has geometrical interpretation. An equivalent definition is as 
follows: the index of isotropy of N is the maximal order of tangency between non- 
singular submanifolds containing N and non-singular isotropic submanifolds of the 
same dimension. The index of isotropy is equal to if iV is not contained in any 
non-singular submanifold which is tangent to some isotropic submanifold of the 
same dimension. If N is contained in a non-singular Lagrangian submanifold then 
the index of isotropy is cxd. 

The symplectic multiplicity and the index of isotropy can be described in terms 
of algebraic restrictions (Propositions 15.61 and 15.71 in Section [5]) . 

There is one more discrete symplectic invariant introduced in [D] following ideas 
from A2| which is defined specifically for a parameterized curve. This is the max- 
imal tangency order of a curve / : M Af to a smooth Lagrangian submanifold. 
If Hi = ... = Hn = define a smooth submanifold L in the symplectic space then 
the tangency order of a curve / : M — 5- M to L is the minimum of the orders of 
vanishing at of functions i/i o /, • • • , Hn o /. We denote the tangency order of / 
toLhytif,L). 

Definition 2.3. The Lagrangian tangency order Lt{f) of a curve / is the 

maximum of t{f, L) over all smooth Lagrangian submanifolds L of the symplectic 
space. 

The Lagrangian tangency order of the quasi-homogeneous curve in a symplectic 
space can also be expressed in terms of algebraic restrictions (Proposition 15.81 in 
Section [5]). 

In [DTlj the above invariant was generalized for germs of curves and multi-germs 
of curves which may be parameterized analytically since the Lagrangian tangency 
order is the same for every 'good' analytic parameterization of a curve. 
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Consider a multi-germ ... j.} of analytically parameterized curves fi. We 

have r-tuples {t{fi, L), • • • , t{fr, L)) for any smooth submanifold L in the symplectic 
space. 

Definition 2.4. For any / C {1, • • ■ , r} we define the tangency order of the 
multi-germ {fi)iei to L: 

t[{fi)ie = mmt{fi,L). 

ie I 

Definition 2.5. The Lagrangian tangency order Lt{{fi)i^ /) of a multi-germ 

{fi)iei is the maximum of /, L] over all smooth Lagrangian submanifolds L 

of the symplectic space. 

3. Symplectic Ws-singularities 

Denote by (Ws) the class of varieties in a fixed symplectic space (M^",a;) which 
are diffeomorphic to 

(3.1) Ws = {xe M^"-'* ■.xl+xl^xl+ X1X3 = x>i = 0}. 

This is simple 1-dimensional isolated complete intersection singularity Ws ffG). 
|AVG|^ . Here is a quasi-homogeneous set with weights w{xi) = 6, 'w{x2) = 5, 
w{x3) = 4. 

We used the method of algebraic restrictions to obtain a complete classification 
of symplectic singularities of (Ws) presented in the following theorem. 

Theorem 3.1. Any submanifold of the symplectic space (R^", Y^^=i dpiAdqi) where 
n > 3 (resp. n = 2) which is diffeomorphic to Wg is symplectically equivalent to 
one and only one of the normal forms Wg, i — 0, 1, • • • ,8 (resp. i = 0, 1, 2a, 2b) 
listed below. The parameters c, ci , C2 of the normal forms are moduli. 

Ws : pi + P2qi =0, P2 + ql = 0, §2 = cigi + C2P1, p>3 = q>3 = 0; 

Ws : qi + P\q2 =0, pi + qi = 0, P2 = cipi + 0217192, p>3 = q>3 = 0, ci / 0; 

Wt ■■ pi ± Piqi =0, pi+ql^ 0, 92 = f 9? + fqf, P>3 = q>3 = 0; 

Wi*" : ql +piq2 =0, p? + §2 = 0, P2 = Ciqiq2 + ^ql, p>3 = i7>3 = 0; 

Wi : P2+P1P3 = 0, pf+pl = 0, gi = 92 = 0,<j3 = -P2P3 - ^P2- C2P1P2, p>3 = g>3 = 0; 

4 2 2 3 1 2 2 

: P2+P1P3 = 0, P1+P3 =0, gi = g2 = 0,53 = T2P2^Cipip2-C2P2P3, P>3 = g>3 = 0; 

W^l : P2 + PiPz =0, pi+P3^ 0, gi = g2 = 0, g3 = -P1P2 - CP2P3, P>3 = g>3 = 0; 
W^l : pI + PiP3 =0, pi+pi^ 0, gi = g2 = 0, g3 = -p2pi - §pi, P>3 = g>3 = 0; 

: pl +P1P3 = 0, pi +P3 = 0, gi = g2 = 0,g3 = ~\p2, P>3 = g>3 = 0; 
W| : pi -fpiP3 = 0, p? +pi = 0, p>3 = g>o = 0. 

In Section 13.11 we use symplectic invariants (in particular the Lagrangian tan- 
gency order) to distinguish symplectic singularity classes. In Section [3?2] we propose 
a geometric description of these singularities which confirms the classification. Some 
of the proofs are presented in Section [3 

^ There is a mistake in description of Ws singularity in [AVG| . We find there 
Ws = {x S M^"— ^ : + = X2 + X1X3 = a;>4 = 0} which is not an isolated complete 
intersection singularity. 
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3.1. Distinguishing symplectic classes of Ws by Lagrangian tangency or- 
der and the index of isotropy. A curve N G {Ws) can be described as a param- 
eterized curve C{t). Its parameterization is given in tire second column of Table [1] 
To characterize the symplectic classes we use the following invariants: 

• Ln = Lt{N) = max(i(C(t),L)), 

where L is a smooth Lagrangian submanifold of the symplectic space, 

• ind - the index of isotropy of N. 

Remark 3.2. The invariants can be calculated knowing algebraic restrictions for 
symplectic classes. We used Proposition 15 . 71 to calculate the index of isotropy. The 
Lagrangian tangency order we can calculate using Proposition 15.81 or by applying 
directly the definition of the Lagrangian tangency order and finding a Lagrangian 
submanifold nearest to the curve C(t). 

Theorem 3.3. A stratified submanifold N e (Ws) of a symplectic space (R^",ajo) 
with the canonical coordinates {pi, qi, ■ ■ ■ ,Pn,qn) is symplectically equivalent to one 
and only one of the curves presented in the second column of Table [7J The param- 
eters c, Ci , C2 are moduli. The index of isotropy and the Lagrangian tangency order 
of the curve N are presented respectively in the third and fourth column of Table[l\ 



Class 


Parameterization of A'^ 


ind 


Ln 


(Wsf 2n > 4 


(^^-^^^^-Cl^'' + c2^^o,■■•) 





5 


(Ws)"- 2n > 4 


(t«,t5,cit« - c2^^-^^o,■■•) 





6 


(Wsf" 2n > 4 


(±^^-^^^^f^«-f^l^o,■•■) 





6 


(Wsf' 2n > 4 


(^^^^-Cl^» + f^l^-^^,o,•■•) 





6 


(Wsf 2n > 6 


(^^o,^^o,-^^^^ - f - C2t",0, • ■ ■ ) 


1 


9 


(Wsf 2n > 6 


(^^ 0, ^^ 0, -t^, Ti'" - cit" - C2i", 0, • • • ) 


1 


10 


(Wsf 2n > 6 


(^^o,^^o,-^^-^" -c^'^o,■•■) 


1 


11 


(Wsf 2n>6 


(^^o,^^o,-^^-^" - §^'^o,■••) 


2 


13 


(Wsf 2n > 6 


(^^o,^^o,-^^-^l^o,■•■) 


2 


15 


(Wsf 2n > 6 


(^^o,^^o,-^^o,o,•••) 


oo 


oo 



Table 1 . The symplectic invariants for symplectic classes of Ws singularity. 



Remark 3.4. The comparison of invariants presented in Table [T] shows that the 
Lagrangian tangency order distinguishes more symplectic classes than the index of 
isotropy. Symplectic classes (Wg)^" and (Wg)^'' can not be distinguished by any of 
the invariants but we can distinguish them by geometric conditions. 

3.2. Geometric conditions for the classes (Wg)*. We can characterize the sym- 
plectic classes (Wg)* by geometric conditions without using any local coordinate 
system. 

Let N € (VFg). Denote by W the tangent space at to some (and then any) 
non-singular 3-manifold containing N. We can define the following subspaces of 
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this space: I - the tangent hne at to the curve N,V- the 2-space tangent at 
to the curve N . 

The classes (VFs)' satisfy special conditions in terms of the restriction a; | , where 
w is the symplectic form. For N = Ws = (|3.ip it is easy to calculate 

(3.2) W — spa,n{d/dxi,d/ 8x2,8/8x3), £ — spa,n{8/8x3), V — s\ia,n[8 / 8x2,8 / 8x3). 

Theorem 3.5. // a stratified submanifold N e {Ws) of a symplectic space (K^", w) 
belongs to the class (Ws)^ then the couple {N,lu) satisfies the corresponding condi- 
tions in the last column of Table\M 



Class 


Normal form 


Geometric conditions 


{W8)° 


[W"8l" : [61 + 0102 + C293]ws 


a; V / 


(Ws)^ 


[Wa]^ : [cie2+e3+C294]ws,cij^0 


uj V = and kercj 7^ £ 


(Ws)^^ 


[M/s]'" : [±02 + €164 + CiOrWs 


uj V = and kercj 7^ £ 


{Wa)^' 


[Waf' : [03+Cie4 + C2e5]ws 


uj V = and kercj = £ 






uj w = 




[Waf : [04 + 0105 + C2e6]ws 


Ln ^9 


(Ws)^ 


[Waf : [±05 + ci6a + C207]ws 


Ln = 10 


{Wa)' 


[Wa]" : [06 + c0r]ws 


Ln = 11 


(Wa)" 


[Waf : [07 + cea]ws 


Ln = 13 


(Wa)' 


[WaV ■■ [daWs 


Ln = 15 


(Wa)' 


[Waf : [0]w, 


A'^ is contained in a smooth 
Lagrangian submanifold 



Table 2. Geometric interpretation of singularity classes of Wg: W is 
the tangent space to a non-singular 3-dimensional manifold in (R^"-'', oj) 
containing A'' G (W^s)- 



Sketch of the proof of Theorem Iff. 51 We have to show that the conditions in the 
row of (Wg)* are satisfied for any N e (Wg)*. 

Each of the conditions in the last column of Table [2] is invariant with respect to 
the action of the group of diffeomorphisms in the space of pairs {N,u!). Because 
each of these conditions depends only on the algebraic restriction [uj]n we can 
take the simplest 2-forms representing the normal forms [WsY for algebraic 
restrictions: w", w^, uP'"- , uj"^'^ , lj'^ , lu'^, lu^, uj^, , ufi and we can check that 
the pair (H/gj'^ = <^') satisfies the condition in the last column of Tabled 

We note that in the case N — Wg = (13. ip one has the description p.2p of the 
subspaces W, £ and V . By simple calculation and observation of the Lagrangian 
tangency orders we obtain that the conditions corresponding to the classes (W^s)* 
are satisfied. □ 
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4. SyMPLECTIC W9-SINGULARITIES 

Denote by (M^g) the class of varieties in a fixed symplectic space (M^",a;) which 
are diffcomorphic to 

(4.f ) Wg^{x£ M2«>4 . ^2 _^ ^^^2 ^ 4, 2:1x3 = a;>4 = 0}. 

This is simple 1-dimensional isolated complete intersection singularity Wg 
[AVG| ). Here is quasi-homogeneous with weights = 5, 'u;(a::2) = 4, w{x'i) = ?>. 

We present a complete classification of symplectic singularities of (VFg) which 
was obtained using the method of algebraic restrictions. 

Theorem 4.1. Any submanifold of the symplectic space (M^", Y^^=i dpi/\dqi) where 
n > 3 ( resp. n = 2) which is diffcomorphic to W9 is symplectically equivalent to 
one and only one of the normal forms Wg^ i = 0, 1, • • • , 9 ( resp. i = 0,1,2) listed 
below. The parameters c, c\ , C2 of the normal forms are moduli. 

Wq : pl+p2q2 ^0, pi+pig2 = 0, qi = ciq2 + C2P2, p>3 = q>3^0; 

Wi : pl+p2ql =0, pi±pigi=0, q2 ^ -Cipi + ^ql, p>3 = q>3=0; 

Wg : pi + (Jipi =0, qf + P1P2 =0, q2 = CiqiP2 - C2P1P2, p>3 = '7>3 = 0; 

Wi : pl+P2pfj = 0, pl+PlP3 = 0, (J3 = =FP2P3-ClPlP3-C2PlP2, 91 = §2 = P>3 = '?>3 = 0; 

Wg : pl+P2P3 = 0, pi-l-piP3 = 0, <33 = -P1P3-C1P1P2-C2P2P3, gi = 92 = P>3 = '7>3 = 0; 
Wg : pi+P2P3 = 0, pi+PiP3 =0, q3 = TP1P2-C1P2P3-C2P1P3, (7i = 92 = p>3 = '7>3 = 0; 
Wg : pI + p2pi = 0, pI+ PiP3 =0, gi = (72 = 0, q3 = -P2pi - cpipi, p>3 = (7>3 = 0; 
Wg : pi + P2P3 = 0, P2+ PiP3 = 0, qi = q2 = 0, q3 = TPipi - CP2P3, P>3 = '7>3 = 0; 
ty| : pi + P2P3 = 0, pi + piP3 = 0, qi=q2= 0, (73 = TP2pi, P>3 = g>3 = 0; 
Wi : pi + P2P3 = 0, pi + pip3 = 0, p>3 = g>o = 0. 

In Section 14.11 we use the Lagrangian tangency orders to distinguish symplec- 
tic classes. In Section 14.21 we propose a geometric description of the symplectic 
singularities. Some of the proofs are presented in Section [51 

4.1. Distinguishing symplectic classes of Wg by Lagrangian tangency or- 
ders. Lagrangian tangency orders were used to distinguish symplectic classes of 
(Wg). A curve N G (Wg) may be described as a union of two parameterized 
branches: Ci and C2. The curve Ci is nonsingular and the curve C2 is singular. 
Their parameterization in the coordinate system (j>i,qi,p2,q2, ■ ■ ■ ,Pn,q_n) is pre- 
sented in the second column of Tables [S] To characterize the symplectic classes of 
this singularity we use the following two invariants: 

• Lat = Lt(Ci,C2) =max(min{i(Ci,L),i(C2,L)}), 

• L2 = Lt(C2) = maxi(C2,i), 

where L is a smooth Lagrangian submanifold of the symplectic space. 

Theorem 4.2. A stratified submanifold N G (Wg) of a symplectic space (M^",wo) 
with the canonical coordinates (pi, qi, ■ ■ ■ ,Pn,qn) is symplectically equivalent to one 
and only one of the curves presented in the second column of Table\^ The parame- 
ters c,Ci,C2 are moduli. The Lagrangian tangency orders are presented in the third 
and fourth column of Table[3i 
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Class 


Parameterization of branches 




L2 


(M/9)° 


Ci : (0, cit, 0, t, 0, 0, ■ ■ ■ ), C2 ■■ (t^ -cit^ - £2*-*, ~f^, -t^ Q . . . ) 


4 


4 




Ci : (o,±t,o, ^1*2^0, ■■■), C2 : (t^T^^-^■*,-Cl^'5 + ^^^o, ■■■) 


5 


5 


{Wq? 


Ci : (o,o,t,o,o, ■■■), C2 ■■ (t^-^*,-^3,-cl^■^ + c2^*,o, •■■) 


5 


5 


{W<>f 


Ci : (0, 0, 0, 0, i, 0, ■ • ■ ), C2 ■■ (^^ 0, -i"*, 0, t^, ^^f + cit^ + C2i^, 0, ■ ■ ■ ) 


7 


7 




Ci : (0,0,0,0,4,0, ■ • ■ ), C2 : (t^ 0, 0, t^, + cji^ +C2t^°,0, • • ■ ) 


8 


8 


(W<,f 


Ci : (0, 0, 0, 0, t, 0, ■ ■ ■ ), C2: (t^, 0, -t"*, 0, t^, ±1"^ + citio _ C2t" , 0, ■ ■ ■ ) 


9 


00 




Ci : (0,0, 0,0,t, 0, ■•■), C2 


((5,0, -i*,0,t^tiO-ct",0, •■■) 


10 


00 




Ci : (0,0, 0,0,t, 0, ■•■), (^2 


(t^, 0, 0, t^, =F«" - c*!^, 0, ■ • ■ ) 


11 


00 




Ci : (0,0, 0,0,i, 0, ■•■), C2 


(i5,0, -i-*,0,t3,T«",0, ■ ■ ■ ) 


13 


00 




Ci : (0,0, 0,0,i, 0, ■•■), C2 


(i5,0, -i'*,0,i=',0,0, ■■■) 


00 


00 



Table 3. Lagrangian tangency orders for symplectic classes of W% singularity. 



Remark 4.3. The invariants can be calculated knowing the paramererization of 
branches Ci and C2. We apply directly the definition of the Lagrangian tangency 
order finding a Lagrangian submanifold nearest to the branches. 

4.2. Geometric conditions for the classes (Wg)^ 

Let N e (PFg). Denote by W the tangent space at to some (and then any) 
non-singular 3-manifold containing N . We can define the following subspaces of 
this space: 

i - the tangent line at to both branches of N , 

V - 2-space tangent at to the singular branch of N . 

The classes (Wg)' satisfy special conditions in terms of the restriction w | vi/ , where 
w is the symplectic form. 

Theorem 4.4. A stratified submanifold N G {Wg) of a symplectic space (M^",a;) 
belongs to the class (Wg)* if and only if the couple {N,uj) satisfies the corresponding 
conditions in the last column of Table^ 



Sketch of the proof of Theorem \4.4\ The conditions on the pair (w, N) in the last 
column of Tableware disjoint. It suffices to prove that these conditions in the row 
of (WqY, are satisfied for any N € {WaY. 

We can take the simplest 2-forms representing the normal forms [Wg]' for 
algebraic restrictions and we can check that the pair (W9,u; — w') satisfies the 
condition in the last column of Table |4l 
We note that in the case N — Wg = (|4.1|) one has 

£ = span(9/9a;3), y = span(9/9a;2, 9/9x3, W = spa,n{d/dxi,d / 8x2,0/8x3). 
By simple calculation and observation of the Lagrangian tangency orders we obtain 
that the conditions corresponding to the classes (Wg)* are satisfied. □ 
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Class 


Normal form 


Geometric conditions 


(^9)° 


[Wcif : [9i + 0102 + CiOsWa 


ijj\v 7^ (2-space tangent to A'^ is not isotropic) 




IW9Y ■■ l±e2+Cids + C264]wo 


uj\v ~ and kcroj ^ £ 




[Wg]^ : [e:i + c^ei + C2es]w, 


ijj\v ~ and kero; = £ 






uj\w = 




[Wgf : [±e4+cie5+c2e^]w. 


Ln = 7 


(1^9)* 


: IO5 + CiOe + C2e,]w, 


Ln = 8 




[Wa]"^ : [±9e+cier + C29s]ws 


Ln = 9 




: ie7 + ces]w. 


Ln = 10 




[W9Y : [±6s + c6g]w^ 


Ln = 11 




[W^9]' : [±09]wo 


Ln = 13 




■■ [0]w, 


A'^ is contained in a smooth Lagrangian sub- 
manifold 



Table 4. Geometric characterization of symplectic classes of W9 singularity 



5. Proofs 

5.1. The method of algebraic restrictions. In this section we present basic 
facts on the method of algebraic restrictions, which is a very powerful tool for the 
symplectic classification. The details of the method and proofs of all results of this 
section can be found in |DJZ2] . 

Given a germ of a non-singular manifold M denote by Ap{M) the space of all 
germs at of differential p-forms on M. Given a subset N C M introduce the 
following subspaces of Ap(A/): 

A^(M) ^{uj e AP{M) : lj{x) = for any x G N}; 
A^oiN, M) ^{a + d(3: a G A^(M), (3 £ AP^\M).} 

Definition 5.1. Let N be the germ of a subset of M and let w e Ap{M). The 
algebraic restriction of to is the equivalence class of w in Af{M), where the 
equivalence is as follows: w is equivalent to w if a; — w G Aq{N, M). 

Notation. The algebraic restriction of the germ of a p-form uj on M to the germ 
of a subset N C M will be denoted by [uj]n- Writing [uj]n =0 (or saying that uj 
has zero algebraic restriction to N) we mean that [aj]jv = [0]jv, i-e. u! G ^o(^' -^^)- 

Definition 5.2. Two algebraic restrictions [uj]n and [w]^ are called diffeomor- 
phic if there exists the germ of a diffeomorphism ^ : M M such that ^{N) = N 
and <^*{[u}]n) = [w]^^. 

The method of algebraic restrictions applied to singular quasi-homogeneous sub- 
sets is based on the following theorem. 

Theorem 5.3 (Theorem A in [DJZ2]). Let N be the germ of a quasi-homogeneous 
subset 0/ R^". Let uiq^^i be germs of symplectic forms on R^" with the same 
algebraic restriction to N . There exists a local diffeomorphism $ such that $(x) — x 
for any x £ N and — loq. 
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Two germs of quasi-homogeneous subsets Ni,N2 of a fixed symplectic space 
are symplectically equivalent if and only if the algebraic restrictions of 
the symplectic form uj to Ni and N2 are difjeomorphic. 

Theorem 15.31 reduces the problem of symplectic classification of germs of sin- 
gular quasi-homogeneous subsets to the problem of diffeomorphic classification of 
algebraic restrictions of the germ of the symplectic form to the germs of singular 
quasi-homogeneous subsets. 

The geometric meaning of the zero algebraic restriction is explained by the fol- 
lowing theorem. 

Theorem 5.4 (Theorem B in |DJZ2j ). The germ of a quasi-homogeneous set N of 
a symplectic space (R^",a;) is contained in a non-singular Lagrangian submanifold 
if and only if the symplectic form uj has zero algebraic restriction to N . 

In the paper we use the following notations: 

• [A^(M^")] j^: the vector space consisting of the algebraic restrictions of germs 
of all 2-forms on R^" to the germ of a subset TV C M^"; 

• [Z'^(M^")] ^: the subspace of [A^(E^")] ^ consisting of the algebraic restrictions 
of germs of all closed 2-forms on R^" to N; 

• [Symp(R^")] ^: the open set in consisting of the algebraic restric- 
tions of germs of all symplectic 2-forms on K^" to N. 

To obtain a classification of the algebraic restrictions we use the following propo- 
sition. 

Proposition 5.5. Let ai,-- - , Op be a quasi-homogeneous basis of quasi-degrees 
^1 < • • • < < (5s+i < ■ • • < Sp of the space of algebraic restrictions of closed 
2-forms to N . Let a = ^j'^j' where Cj G R for j = s, - ■ ■ ,p and Cs 7^ 0. 

// there exists a tangent quasi-homogeneous vector field X over N such that 
i^xo-s = for k > s and r then a is diffeomorphic to X]j=s '^i'^i +Ej=fc+i ^j'^j ' 
for some bj £R, j = k + I, ■ ■ ■ ,p. 

Proposition 15.51 is a modification of Theorem 6.13 formulated and proved in [D] . 
It was formulated for algebraic restrictions to a parameterized curve but we can 
generalize this theorem for any subset N. The proofs of the cited theorem and 
Proposition 15.51 are similar and are based on the Moser homotopy method. 

For calculating discrete invariants we use the following propositions. 

Proposition 5.6 ( [DJZ2| ). The symplectic multiplicity of the germ of a quasi- 
homogeneous subset N in a symplectic space is equal to the codimension of the orbit 
of the algebraic restriction [uj\n with respect to the group of local diffeomorphisms 
preserving N in the space of algebraic restrictions of closed 2-forms to N . 

Proposition 5.7 ( [DJZ2) ). The index of isotropy of the germ of a quasi-homogeneous 
subset N in a symplectic space (R^",a;) is equal to the maximal order of vanishing 
of closed 2-forms representing the algebraic restriction [lj]n- 
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Proposition 5.8 ( D ). Let f be the germ of a quasi-homogeneous curve such 
that the algebraic restriction of a symplectic form to it can be represented by a 
closed 2-form vanishing at 0. Then the Lagrangian tangency order of the germ of 
a quasi-homogeneous curve f is the maximum of the order of vanishing on f over 
all l-forms a such that [uj]f = [da\f 

5.2. Proofs for Ws singularity. 

5.2.1. Algebraic restrictions to Wg, and their classification. One has the following 
relations for (M^8)-singularities 

(5.1) [dixl + xiX3)]w8 = [2x2dx2 + xidx^ + X3dxi]ws = 0, 

(5.2) [d{xf + X3)]^g = [2xidxi + 3xldx3]ws — 0- 

Multiplying these relations by suitable l-forms we obtain the relations in Table [S] 



5 


Relations 


Proof 


14 


[x2dx2 A (ix3]jv = —^[x^dxi A dxajjv 


dS.lllA dxs, 


15 


[xidx2 A dx:j]ff = [xsdxi A dx2]N 


115. HA dx2 


16 


[x2dxi A dx2]N = —^[xidxi A di^ajjv = 


I|5.2|IA dx-3. and II5.1IIA dxi 


17 


[x'^dx2 A dx3]jsi = ^[xidxi Adx2]N 


^^Adx2 


18 


[x^dxi A dx3]pi = 2[x2X3dx2 A dxsjjv = 


^^Adxi and JsTTJa 2:3^x3 


19 


[x'^dx2 A (ix3]jv = —^[x2Xzdxi A dxsjjv 
[a;|dx2 A dx3\]si = —{xiX3dx2 A dxs\]si = 
= — [xgdaji A dx2\N 


IjS.lllA X2dxz 
IjS.lllA X2,dx2 
and [xj -|- 2;iX3]jv = 


20 


[a] AT = for all 2- forms a of quasi-degree 20 


relations for 5 £ {14, 15, 16} 

and -1- 1:1X3] ]v = 


21 


[«]]V = for all 2-forms a of quasi-degree 21 


relations for 5 e {15, 16, 17} 

and [Xj-I-Xgjiv = [^2 + xi^3]n = 


22 


[a] iv = for all 2-forms a of quasi-degree 22 


relations for <5 g {16, 17, 18} 

and [x1 + x^]pf = [x| -|- xiX3]jv = 


23 


[a] iv = for all 2-forms a of quasi-degree 23 


relations for <5 g {17, 18, 19} 
and [x1 -1- Xgjiv = 


24 


[a] iv = for all 2-forms a of quasi-degree 24 


relations for <5 g {18, 19, 20} 
and [x^ -1- Xgjiv = 


25 


[«] AT = for all 2-forms a of quasi-dcgrcc 25 


relations for 5 g {19, 20, 21} 


(5>25 


[«]]V = for all 2-forms a of quasi-dcgrcc 5>25 


relations for 5 > 19 



Table 5. Relations towards calculating [A^(R^")]jv for N = Ws 



Using the method of algebraic restrictions and Table [5] we obtain the following 
proposition: 

Proposition 5.9. The space [A^(K^"')]vfs 0, 9-dimensional vector space spanned 
by the algebraic restrictions to Ws of the 2-forms 
01 = dx2 A dxs, 02 = dxi A dx^, 0^ = dxi A dx2, 

04 = x^dx2 A (ix3, — X2dx2 A dx^, ui = xidx2 A dxa, 02 = X2dxi A dxa, 
0^ = x\dx2 A dx^, 0s — x\dx2 A dx^. 
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Proposition 15.91 and results of Section 15.11 imply the following description of the 
space [Z^{R^")]ws and the manifold [Symp{M.^")]ws- 

Theorem 5.10. The space [Z'^{M.'^")]wa is a 8-dimensional vector space spanned 
by the algebraic restrictions to Ws of the quasi-homogeneous 2-forms Oi of degree 5i 

01 = dx2 A dxa, 5i ~ 9, 

02 = dxi A dx3, S2 ~ 10, 

03 = dxi A dx2, S3 — 11, 

04 — X3dx2 A dx3, 5a — 13, 

05 = X2dX2 A dx3, ^5 = 14, 

6*6 = f 1 + (T2 = xidx2 A dx3 + X2dxi A dxa, Se — 15, 
01 — x^dx2 A dx3, Sr — 17, 
6*8 = x\dx2 A dx3, (Js = 19. 

Ifn > 3 then [Symp(R2")]j^^ = [Z'^ {R'^'')]ws ■ The manifold [SynYp{M})]ws is an 
open part of the 8-space [Z^(R'*)]vyg consisting of algebraic restrictions of the form 
[ci0i + • • • + cs0s]wa such that (ci, C2, C3) ^ (0, 0, 0). 

Theorem 5.11. 

(i) Any algebraic restriction in [Z'^ (]S?")]\yg can be brought by a symmetry of Ws 
to one of the normal forms [W^Y given in the second column of Table\^ 

(ii) The codimension in [Z^(R^")]vi/8 of the singularity class corresponding to the 
normal form [WgY is equal to i, the symplectic multiplicity and the index of isotropy 
are given in the fourth and fifth columns of Table 

( Hi ) The singularity classes corresponding to the normal forms are disjoint, 
(iv) The parameters c, ci,C2 of the normal forms [Wg]' are moduli. 



Symplectic class 


Normal forms for algebraic restrictions 


cod 


^sym 


ind 


[Waf (2n > 4) 


[Ws]° : [e^ + cie2 + c2e3]ws, 





2 





{Ws.Y (2n > 4) 


[WaY ■■ [Cie2 +03+ C204]ws, Cl / 


1 


3 





(VP's)''" (2n>4) 


[IVs]''" : [±e2+Cie4 + C287]ws, 


2 


4 





{Wsf'^ (2n>4) 


[Waf'" : [e3 + cie4 + c2e5]ws, 


2 


4 





{Ws.f (2n > 6) 




[64 + C165 + C29fi\ws 


3 


5 


1 


{Wnf (2n > 6) 


[WsY 


[±65 + cida + C297]wg 


4 


6 


1 


[Waf (2n > 6) 






5 


6 


1 


{Ws.f (2n > 6) 


[Wsf 




6 


7 


2 


{Ws,y (2n > 6) 


[WsY 




7 


7 


2 


{Wt,f (2n > 6) 






8 


8 


00 



Table 6. Classification of symplectic Ws singularities: 

cod - codimension of the classes; /j."^"^- symplectic multiplicity; 

ind - the index of isotropy. 
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In the first column of Table |6] by (M^s)* we denote a subclass of [W^) consisting 
of TV S {Ws) such that the algebraic restriction [wJat is diffeomorphic to some 
algebraic restriction of the normal form [Wsl'j where i is the codimension of the 
class. Classes (Wg)^" and {W^f'^ have the same codimension equal to 2 but they 
can be distinguished geometrically (see Table [2]). 

The proof of Theorem 15.111 is presented in Section 15.2.31 

5.2.2. Symplectic normal forms. Proof of Theorem lS.li Let us transfer the normal 
forms [WsY to symplectic normal forms. Fix a family of symplectic forms on 
M^" realizing the family [T^^s]* of algebraic restrictions. We can fix, for example 
Lj'^ = 6i + C1O2 + C2S3 + dxi A dx4, + dxs A dxa + ■ • ■ + dx2n-i A dx2n; 

uj^ = C162 + 03 + 0264 + dx3 A dx4 + dx5 A dxe, + • ■ • + dx2n-i A dx2n, ci / 0; 

^2, a _ _^g^ ^^g^ ^ ^^g^ ^ ^ ^ ^ . . . ^ dx2n-l A dX2n; 

ij^'^ = 63 + C164 + 0265 + dx3 A dx4 + dx5 A dxe, + ■ ■ ■ + dx2n~i A dx2n\ 

= 04 + 0-465 + C2^6 + dxi A dx4 + dx2 Adxs + dx3 A dxa + dxT Adxs + ■ ■ ■ + dx2n~i f\dx2n\ 

CJ* = ±95+C\9(,+C297 +dx4 f\dX4+dx2 f\dX5+dx3 f\dXfi+dx7 f\dXii + - ■ ■ +dX2n~l Adx2n; 

uj^ = da + 067 + dxi A dx4 + dx2 A dxs + dx3 A dxg + dx7 A dxs + ■ ■ ■ + dx2n-i A dx2n; 
lJ^ = Qt + c9s + dxi A dx4 + dx2 A dxs + dx3 A dxe, + dx7 A dxg + ■ ■ ■ + dx2n~i A dx2n; 
{jf = 9fi + dxi A dx4 + dx2 A dxs + dx3 A dxe + dx7 A dxs + ■ ■ • + dx2n-i A dx2n; 
Lj^ = dxi A dx4 + dx2 A dxs + dx3 A dxe + dx7 A dxg + ■ ■ ■ + dx2n-i A dx2n- 

Let Wo = X^i^li "^Pi where (pi, (71, • • • ,Pn,Qn) is the coordinate system on 

R^", n > 3 (resp. n = 2). Fix, for i = 0, 1, • ■ • , 8 (resp. for i = 0, 1, 2) a family 
<&' of local diffeomorphisms which bring the family of symplectic forms to the 
symplectic form wq: (<I>*)*a;' — ujo- Consider the families = ($')~^(W8). Any 
stratified submanifold of the symplectic space (M^",wo) which is diffeomorphic to 
Wg is symplectically equivalent to one and only one of the normal forms W^,i — 
0, 1, • • • ,8 (resp. i — 0,1, 2) presented in Theorem 13. II By Theorem 1 5 . 1 1 1 we obtain 
that parameters c, ci, C2 of the normal forms are moduli. 

5.2.3. Proof of Theorem \5.11\ In our proof we use vector fields tangent to S W^. 
Any vector fields tangent to A^ G W% can be described as V = giE + 172^ where E 
is the Euler vector field and H is a Hamiltonian vector field and 51, 52 are functions. 
It was shown in [DTI' (Prop. 6.13) that the action of a Hamiltonian vector field 
on any 1-dimensional complete intersection is trivial. 

The germ of a vector field tangent to W% of non trivial action on algebraic restric- 
tions of closed 2-forms to Wf^ may be described as a linear combination germs of 
vector fields: Xq^E, Xi=X3E, X2= X2E, X3= xiE, X^—xlE, X5= X2X3E, 
Xq— X2E, Xj= X1X3E, where E is the Euler vector field 

E = Gxid/dxi + 5x28/8x2 + ^xj,8/8x'i. 

Proposition 5.12. The infinitesimal action of germs of quasi-homogeneous vector 
fields tangent to N G (Wg) on the basis of the vector space of algebraic restrictions 
of closed 2-forms to N is presented in Table^ 
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[02] 




[^4] 










Xo = E 








13[e4] 


im] 




i7[e7] 


i9[e8] 


Xi = X3E 




-28[es] 


5[06] 




[0] 


-57[e8l 


[0] 


[0] 


X2=X2E 


14(^5] 


w[ee] 


[0] 


[0] 


19[e8] 


[0] 


[0] 


[0] 


X3 = xiE 


5[ee] 


[0] 




-19[e8] 


[0] 


[0] 


[0] 


[0] 


Xa = xIE 


17(^7] 


[0] 


-19[6l8] 


[0] 


[0] 


[0] 


[0] 


[0] 


X5=X2X3E 


[0] 


-38[e8] 


[0] 


[0] 


[0] 


[0] 


[0] 


[0] 


Xe = xlE 


19(08] 


[0] 


[0] 


[0] 


[0] 


[0] 


[0] 


[0] 


X7 = XlX3E 


-i9[e8] 


[0] 


[0] 


[0] 


[0] 


[0] 


[0] 


[0] 



Table 7. Infinitesimal actions on algebraic restrictions of closed 2- 
forms to Wg. E = Qxid/dxi + ^x^djdx^ + ^X3dldx3 



Let A = [ciOi + C2O2 + 03^3 + C46'4 + 05^5 + cqO^ + cyfly + c^9^]ws, be the algebraic 
restriction of a symplectic form lj. 

The first statement of Theorem 15.111 follows from the following lemmas. 

Lemma 5.13. // Ci ^ then the algebraic restriction A — Efc=i '^fc^fclw's '^^^ 
reduced by a symmetry ofWs to an algebraic restriction [0i + C2f?2 + C393\ws- 

Proof. Using the data of Table [7] we can see that for any algebraic restriction 
[9k\ws ' where fc e {4, 5, . . . , 8} we can find a vector field Vk tangent to Ws such that 
^Vk[&i]w8 = [fi'fclws- We deduce from Proposition 15.51 that the algebraic restriction 
A is diffeomorphic to [ci9i + C202 + C303]wg- 

By the condition ci 7^ we have a diffeomorphism 4' G Symm{Ws) of the form 

_6 _Jj _4 

(5.3) * : (a;i,a;2,a;3) '-^ (ci '■'xi,c^ '■'x2,c^ X3) 
and finally we obtain 

10 11 

^*{[ciei + C2O2 + C303]ws) = [dl+C2Ci " 6I2 +C3C1 ° Osjws = [dl+C202 +C393]ws- 

□ 

Lemma 5.14. // a — and C2 • C3 ^ then the algebraic restriction A can be 
reduced by a symmetry ofWs to an algebraic restriction \c262 + ^3 + C404]w8- 

Proof of Lemma \5.14\ We use the homotopy method to prove that A is diffeomor- 
phic to [C26I2 + ^3 + 246*4] . 

Let Bt = [c202 + C4O3 + C404 + (1 - t)c505 + (1 " t)ce0e + (1 - t)cj0T + (1 - t)cs08]w, 
for t S [0; 1]. Then Bq — A and Bi = [c202 + £3^3 + C404]ws- We prove that there 
exists a family $( e Symm{Ws), t G [0; 1] such that 

(5.4) <S>;Bt = Bo, % - ^d. 

Let Vt be a vector field defined by ^ = 14($t). Then differentiating (|5.4p we 
obtain 



(5.5) 



CVtBt = [C505 + CQ0Q + C707 + Cs08]ws- 
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We are looking for Vt in the form Vt = Y^k=i ^k{t)Xk where the bk{t) for = 1, . . . , 5 
are smooth functions hk ■ [0; 1] — > M. Then by Proposition 15.121 equation ()5.5p has 
a form 

-28c2 

5c3 10c2 

17C4 f C3 

_-57c6(l-t) 19c5(l-t) -19c4 -19c3 -38c2 

If C2 • C3 7^ we can solve (|5.6p and may be obtained as a flow of the vector field 
Vt- The family $t preserves Ws, because Vt is tangent to Ws and ^^Bt = ^. Using 
the homotopy arguments we have A diffeomorphic to Bi = [C2O2 + £363 + c^OilvVs- 
By the condition C3 ^ we have a diffeomorphism 4' G Symm{Ws) of the form 

6_ 5_ 4_ 

(5.7) ^ : {xi,X2,X3) H> (cg "a;i,C3 "x2,C3 "xa), 

and we obtain 

- [C2C^^02 + ^3 + CiC^^93]ws = [C202 + ^3 + C404]Ws- 

□ 



bi 
b2 
b3 
bi 
b5 



C5 
C8 



Lemma 5.15. // ci = C3 = and C2 7^ then the algebraic restriction A can be 
reduced by a symmetry of to an algebraic restriction [±^2 + 04^4 + cySyJvKs- 

Proof. We can see from Table[7]that for any algebraic restriction [6'fc]vi/8, where k G 
{5, 6, 8} there exists a vector field Vk tangent to Ws such that Cv^ [^2] — [Sk]w8 ■ 
Using Proposition 15.51 we obtain that A is diffeomorphic to [c26'2 + C46'4 + C767]wg 
for some C7 G M. 

By the condition C2 7^ we can use a diffeomorphism ^ G Symm(Ws) of the 
form 

(5.8) ^' : {X1,X2,X3) {\C2\~^XI,\C2\~^X2,\C2\~^X3) 

and we obtain 

'^^[c2O2 + C4O4+C7e7]ws)^[-^O2+C4\c2\-^04+d7\c2\-Ti07]Ws-^[±02+C4^^^ 

The algebraic restrictions [62 + C464 + C707]w8 and [—O2 + 64^?4 + 676*7] Wg are not 
diffeomorphic. Any diffeomorphism $ — ("I>i,...,$2n) of (M^",0) preserving Ws 
has to preserve a curve C{t) = {t^, t^, ~t^, 0, . . . , 0) which means that 

$l(^^^^-^^o,...,o) = (V(^))^ 
<i>2(^^^^-^^o,...,o) = (7^(^))^ 
$3(^^^^-^^o,...,o) = -(^(^))^ 

<&fe(^^^^-^^0,...,0) =0 for fc > 3, 
where ^{t) — ait + a2t^ + ast^ + . . . is a diffeomorphism of (M, 0). 
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Hence $ has a linear part 

$1 : A^xi + 

$2 : ^2,ia;i + A^X2 + 

$3 : Az^iXi + ^3,2X2 + A'^x^ + 
(5.9) $4 : 

^"211: A2n,4X4 + ••• + A2n,2nX2m 

where A, Aij e M. 

If we assume that <i>*([02 + £46*4 + C76r]wa) = [—O2 + b^Oi + 67^7] 7 then 
A^^dxi A da;3|o = — dsi A da:;3|o, which is a contradiction. □ 

Lemma 5.16. If ci ^ C2 — and C3 ^ then the algebraic restriction A can be 
reduced by a symmetry of Ws to an algebraic restriction [63 + CiOn + C505]vFs- 

Lemma 5.17. // ci = C2 = C3 = and C4 7^ then the algebraic restriction A can 
be reduced by a symmetry of W^i to an algebraic restriction [^4 + £5^5 + Cg^elws- 

Lemma 5.18. // ci = 0, . . . , C4 = and C5 ^ 0, then the algebraic restriction A 
can be reduced by a symmetry of Wg to an algebraic restriction [±05+C606+C707]vK8 • 

Lemma 5.19. // ci = 0, . . . , C5 = and cg 7^ then the algebraic restriction A 
can be reduced by a symmetry of Wg to an algebraic restriction [^g '^('-70t\w&- 

Lemma 5.20. // ci = 0, . . . , cg = and cy 7^ then the algebraic restriction A 
can be reduced by a symmetry of Wg to an algebraic restriction [67 + 0^0^]^^. 

Lemma 5.21. // ci = 0, . . . , C7 = and cg 7^ then the algebraic restriction A 
can be reduced by a symmetry of Wg to an algebraic restriction [Sglws- 

The proofs of Lemmas 15.161 - 15.211 are similar to the proofs of Lemmas 15.131 - 
15.151 and are based on Table [T] 

Statement (m) of Theorem l5. 1 ll foUows from the conditions in the proof of part (z) 
(codimension) and from Theorem 15.41 and Proposition [521 (symplectic multiplicity) 
and Proposition 15.71 (index of isotropy). 

To prove statement {Hi) of Theorem l5 . 1 1 1 we have to show that singularity classes 
corresponding to normal forms are disjoint. The singularity classes that can be 
distinguished by geometric conditions obviously are disjoint. From Theorem 13 . 51 we 
see that only classes (Wg)^ and (Wg)^'" can not be distinguished by the geometric 
conditions. To prove that these classes are disjoint we compare the tangent spaces 
to the orbits of the respective algebraic restrictions. From Table [7] we see that the 
tangent space to the orbit of [€16*2 + ^3 + C204\ws [ci^2 + ^'3 + C294]w8 is spanned 
by the linearly independent algebraic restrictions [1Oc26'2 + 116'3 + 13c204]m/8, [^sJwsj 
[6*6] Ws I [^7]vK8 1 [^s] v^g and the tangent space to the orbit of [±6*2 + 616*4 + b207]ws ^.t 
[±^2 + ^1^4 + 62^7]w8 is spanned by the linearly independent algebraic restrictions 
[±1002 + 1361^4 + 17M7]m/8, [±2805 + I7bi9r]ws, [OeWs and [9s]ws- 

To prove statement (iv) of Theorem 1 5 . 1 1 1 we have to show that the parameters 
c, ci , C2 are moduli in the normal forms. The proofs are very similar in all cases. We 
consider as an example the normal form with two parameters [6*1 + €16*2 + 02^3] vfs- 



Ai4a;4 + • • • + Ai^2nX2n 

A2iXi + • • • + A2,2nX2n 

A^iXi + • • • + ^3,2na:2n 

^442:4 + • • • + A4^^2nX2n 
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From Table[7]we see that the tangent space to the orbit of [6*1 + 016*2 + C26'3]vKs at 
[6*1 + C162 + 026*3] is spanned by the Unearly independent algebraic restrictions 
[96i + 10ci6'2 + 11c26I3]h'8, [Q4\wsA^5]wfsA^Q]wsA^T\wfsA^s\ws - Hence the algebraic 
restrictions [02]iy8 and [03]h'8 do not belong to it. Therefore the parameters ci and 
C2 are independent moduli in the normal form [61 + 0162 + C20y\v/g. 

5.3. Proofs for Wg singularity. 

5.3.1. Algebraic restrictions to Wg and their classification. 
One has the following relations for (W9)-singularities 

(5.10) [d{xl + X2xl)]ws — ['ixidxi + 2x2X^dx^ + x1dx2]ws — 0, 

(5.11) [d{x\ + Xixz)\w9 — ['2x2dx2 + x^dxi + Xidx3]wg = 0. 
Multiplying these relations by suitable 1-forms we obtain the relations in Table [51 



.5 


Relations 


Proof 


11 


[x-idxi A rfa^ajjv = —2[x2dx2 A rfa;3]jv 


l|5.11|IAdxs 


12 


[xidx2 A dx3]ff = [0:3^x1 A dx2]N 


\b.ll\hdX2 


13 


[x^dx2 A dxs]^ = —2[xidxi A dx3]M = A[x2dxi A dx{\i^ 


IIS.lOpAdxs and l|5.11|IA(ia)i 


14 


[x'i^dxi A da;3]jv = —2[xidxiA dx2]jv = —2[x2X-i,dx2A rfx3]jv 


l|5.10|IAc(a::9. l|5.11|IAa;3da;3 


15 


[a]jv =0 for all 2- forms a of quasi-degree 15 


relations for 5 e {11, 12} 
and ll5.10IIA(ia;i 

and [x| + xia;3]iv = 


16 


[x2^dx2A dx-i\]si = —2[xixsdx-iA rfx3]jv = 4{x2X3dxiA dx2]jv 
[xix-idxiA dx-i\jsi = —2[xiX2dx2A dx^]]^ = — [x'^dxih dx^\i^ 


relations for <5 = 13 
relations for (5€{11,12} 
and [xj + a::ia;3]jv = 


17 


[a]jv = for all 2-forms a of quasi-degree 17 


relations for <5 g {12, 13, 14} 
and {x\ + X2x'^isi = 
i [x1 + xiXi]]^ = 


18 


[a]jv =0 for all 2-forms a of quasi-degree 18 


relations for <5 g {13, 14, 15} 
and [x^ + X2x'^jsi = 


19 


[a]jv =0 for all 2-forms a of quasi-degree 19 


relations for 5 g {14, 15, 16} 

and [x\ + X2x'^j^ = 


20 


[a]jv =0 for all 2-forms a of quasi-degree 20 


relations for 5 g {15, 16, 17} 


21 


[a]jv = for all 2-forms a of quasi-degree 21 


relations for S g {16, 17, 18} 


>21 


[a]]V = for all 2-forms a of quasi-degree 5 > 21 


relations for <5 > 16 



Table 8. Relations towards calculating [A^(R^")]jv for Af = W9 



Using the method of algebraic restrictions and Table [5] we obtain the following 
proposition: 

Proposition 5.22. The space [A^(R^")]vi/9 is a IQ- dimensional vector space spanned 
by the algebraic restrictions to Wg of the 2-forms 
01 = dx2 A dx^, 62 — dxi A dx^-, O3 — dxi A dx2, 

64 = X3dx2 A dx3, 6*5 = x^dxi A dx^, ui = Xidx2 A dx^, 02 — X2dxi A dx^, 
9r = x\dx2 A dx^, 0s — x^dxi A dx^, 0g — x^dx2 A dx^. 
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Proposition [522] and results of Section \5A\ imply the following description of the 
space [Z'^{R'^")]wa and the manifold [Symp(M2")]iy9 . 

Theorem 5.23. The space [Z^(]R^")]vi/g is a 9 -dimensional vector space spanned 
by the algebraic restrictions to Wg of the quasi-homogeneous 2-forms Oi of degree 5i 
9i = dx2 A dx3, Si = 7, 

62 = dxi A dx3, S2 = 8, 

63 = dxi A dx2, 83 = 9, 

di = X3dx2 A dx3, S4 = 10, 
65 = X3dxi A dx3, Ss — 11, 

06 = o"i + 0-2 = xidx2 A dx3 + X2dxi A dx3, Se — 12, 

07 = X3dX2 A dX3, S7 — 13, 

08 = Xsdxi A cia;3, = 14, 
^9 = a;3cix2 A dx3, Sg — 16, 

Ifn > 3 t/ien [Symp(R2")]vv3 = [Z2(R2")]^.g . T/ie manifold [Symp{R*)]wg is an 
open part of the 9-space [Z'^ {M.'^)]wg consisting of algebraic restrictions of the form 
[ci9i + • • • + C999]wg such that (01,02,03) 7^ (0, 0, 0). 

Theorem 5.24. 

(i) Any algebraic restriction in [Z'^{M.'^")]wg can be brought by a symmetry of Wg 
to one of the normal forms [WgY given in the second column of Table\^ 

(ii) The codimension in [Z^(M^")]vfo of the singularity class corresponding to the 
normal form [WgY is equal to i, the symplectic multiplicity and the index of isotropy 
are given in the fourth and fifth columns of Table \^ 

(Hi) The singularity classes corresponding to the normal forms are disjoint, 
(iv) The parameters c, ci,C2 of the normal forms {WgY are moduli. 



Symplectic class 


Normal forms for algebraic restrictions 


cod 


^sym 


ind 


{Wsf (2n > 4) 




[9\ + C162 + C203]wg, 





2 





iW^Y (2n > 4) 




[±6*2 +C103 +C26l4]vK9 


1 


3 





{W^f (2n > 4) 


[w<,Y 


[6*3 + C16I4 + C295\wg, 


2 


4 





{W^f (2n > 6) 




[±6*4 + C16I5 + C296\wg, 


3 


5 


1 


{W^f (2n > 6) 




[6*5 + Ci9fi + C297]wg 


4 


6 


1 


{Wgf (2n > 6) 




[±9q + C16I7 + C29s\Wg 


5 


7 


1 


{Wgf (2n > 6) 




[97 + c9s]wg 


6 


7 


2 


(W'a)^ (2n > 6) 




[±^g + C9c)\wg 


7 


8 


2 


{W<if (2n > 6) 


[w^Y 


[±6*9] 1^9 


8 


8 


3 


{W^f (2n > 6) 


[w^Y 


[01^-9 


9 


9 


00 



Table 9. Classification of symplectic VK9 singularities: 

cod - codimension of the classes; /x^"™- symplectic multiplicity; 

ind - the index of isotropy. 
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In the first column of Table IHl by (Wg)' we denote a subclass of (Wg) consisting of 
N G (Wg) such that the algebraic restriction [uj]n is difFeomorphic to some algebraic 
restriction of the normal form [T'Fg]*. 

The proof of Theorem 15.241 is presented in Section 15.3.31 

5.3.2. Symplectic normal forms. Proof of Theorem \4.1\ 

Let us transfer the normal forms [WqY to symplectic normal forms. Fix a family 
of symplectic forms on K.^" realizing the family [Wg]* of algebraic restrictions. 
We can fix, for example 

u)" = 6i + C162 + 0263 + dxi A dx4 + dx5 A dxa + ■ • ■ + dx2n~i A dx2n; 
uj^ = ±62 + C163 + C2O4 + dx2 A dx4, + dx5 A dxe + ■ ■ ■ + dx2n-i A dx2n; 
Lo'^ = 63 + 0164 + 0265 + dxs A dx4 + dxr, A dxa + ■ ■ ■ + dx2n~i A dx2n', 

LJ^ = ±64 + Ci65+C266+dxiAdX4+dx2AdX5+dx3AdX(i+dx7Adxs + - ■ ■ +dX2n~l AdX2n; 

= ^5 + 01^6 + C267 + dxi A dx4 + dx2 Adx5 + dx3 A dxa + dxT Adxs + ■ ■ ■ + dx2n~i Adx2n\ 
Lo^ = ±6a-\-c\97 + C26i + dx-iAdx4 + dx2f\dxz + dx3Adx^ + dxTAdxs + - ■ ■ + dx2n-i Adx2n; 
uj'' = 67 + c6s + dxi A dx4 + dx2 A dxs + dxs A dxa + dxr A dxs + ■ ■ ■ + dx2n-i A dx2n; 
cj^ = ±^8 + cd'j + dxi A dx4 + dx2 A dx^ + dx-i, A dxa + dx7 A dxg + ■ ■ ■ + dx2n-i A dx2n; 
uj^ = ±^9 + dxi A dx4 + dx2 A dxs + dxs A dxa + dx-j A dxs + ■ ■ ■ + dx2n-i A dx2n; 
uj'^ = dxi A dx4 + dx2 A dxs + dxs A dxe + dx7 A dxs + ■ • ■ + dx2n-i A dx2n- 

Let Wo — dpi A dqi, where (pi, 51, • • • 5„) is the coordinate system on 

M^"^ n > 3 (resp. n = 2). Fix, for i = 0, 1, • • • , 9 (resp. for i = 0, 1, 2) a family 
<i>* of local diffcomorphisms which bring the family of symplectic forms to the 
symplectic form ljq: (<i>*)*a;' = ujq. Consider the families Wg = {^'^)~^ {Ws). Any 
stratified submanifold of the symplectic space (E^",wo) which is difFeomorphic to 
Wg is symplectically equivalent to one and only one of the normal forms Wg , i = 
0, 1, • ■ • ,9 (resp. i = 0, 1, 2) presented in Theorem l4.1l By Theorem 1 5 . 241 we obtain 
that parameters c, ci, C2 of the normal forms are moduli. 

5.3.3. Proof of Theorem \5.24\ 

In our proof we use vector fields tangent to iV S Wg . 
The germ of a vector field tangent to Ws of non trivial action on algebraic restric- 
tions of closed 2-forms to Wg may be described as a linear combination germs of 
the following vector fields: 

Xo = E, Xi = X2 = X2E, X3 = xiE, Xi = xlE,X5 = X2X3E, Xe = x^E, 

X-!= X1X3E, Xg, = X1X2E, Xg = x\E, 

where E is the Euler vector field E = hxid/dxi + 4:X2d/dx2 + Sx^d/dx^. 

Proposition 5.25. The infinitesimal action of germs of quasi-homogeneous vector 
fields tangent to N £ (Wg) on the basis of the vector space of algebraic restrictions 
of closed 2-forms to N is presented in Table [IM 
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{O2] 


[^3] 


[^4] 




[^6] 


[^7] 






Xo = E 


7[0i] 


8[e2] 


9(^3] 


10[6»4] 


n[Os] 


12[ea] 


is[e7] 


u[es] 


m09] 


Xi=X3E 


10 [614] 


im,] 


4(^6] 


13107] 


U[Os] 


[0] 


m09] 


[0] 


[0] 


X2=X2E 




8(^6] 


f [St] 


-7[es] 


[0] 


12[6g] 


[0] 


[0] 


[0] 


Xs = XiE 


m] 






[0] 




[0] 


[0] 


[0] 


[0] 


Xa = xIE 


13[07] 


U[9s] 


[0] 


16[6g] 


[0] 


[0] 


[0] 


[0] 


[0] 


X5=X2X-iE 


~7[es] 


[0] 


4(^9] 


[0] 


[0] 


[0] 


[0] 


[0] 


[0] 


X6 = xlE 


[0] 


8[99] 


[0] 


[0] 


[0] 


[0] 


[0] 


[0] 


[0] 


Xt = xiXsE 


[0] 


-8(^9] 


[0] 


[0] 


[0] 


[0] 


[0] 


[0] 


[0] 


Xs=X\X2E 




[0] 


[0] 


[0] 


[0] 


[0] 


[0] 


[0] 


[0] 


Xg=xlE 


HO9] 


[0] 


[0] 


[0] 


[0] 


[0] 


[0] 


[0] 


[0] 



Table 10. Infinitesimal actions on algebraic restrictions of closed 2- 
forms to W9. E = 5xid/dxi + 4x28/8x2 + 3x38/8x3 



Let A — ^k]wg be the algebraic restriction of a symplectic form ui. 

The first statement of Theorem 15.241 follows from the following lemmas. 

Lemma 5.26. // ci ^ then the algebraic restriction A = Efe=i Ckdklwg can be 
reduced by a symmetry ofWg to an algebraic restriction [9i + 02^2 + C303]vi/9- 

Lemma 5.27. // ci = and C2 7^0 then the algebraic restriction A can be reduced 
by a symmetry ofWg to an algebraic restriction [±02 + €363 + C494]wg- 

Lemma 5.28. // ci = C2 = and C3 7^ then the algebraic restriction A can be 
reduced by a symmetry ofWg to an algebraic restriction [63 + C464 + C59c,]yy^. 

Lemma 5.29. // Ci = C2 = C3 =0 and ^0 then the algebraic restriction A can 
be reduced by a symmetry ofWg to an algebraic restriction [±^4 + 25^5 +CQ9e\wg- 

Lemma 5.30. // ci = . . . — = and C5 ^0 then the algebraic restriction A can 
be reduced by a symmetry ofWg to an algebraic restriction [9^ + cg^g + C767]wg- 

Lemma 5.31. // ci~ . . . — = and cg 7^0 then the algebraic restriction A can 
be reduced by a symmetry ofWg to an algebraic restriction [ib^g + + cs9s\wg- 

Lemma 5.32. // ci = . . . = cg =0 and cy 7^0 then the algebraic restriction A can 
be reduced by a symmetry ofWg to an algebraic restriction [67 + cg^slwg- 

Lemma 5.33. // ci = . . . = cj = and cs ^0 then the algebraic restriction A can 
be reduced by a symmetry of Wg to an algebraic restriction [iOg + CQ9Q]wg- 

Lemma 5.34. // ci = . . . = cg =0 and cg ^0 then the algebraic restriction A can 
be reduced by a symmetry ofWg to an algebraic restriction [ib^gjvi/g- 

The proofs of Lemmas 15.261 - 15.341 are similar to the proofs of the lemmas for 
the Wg singularity. As an example we give the proof of Lemma 15.271 

Proof of Lemma \5.27\ We see from TablefTUlthat for any algebraic restriction [S/cJvKgj 
where k € {5,6,7,8,9} there exists a vector field Vk tangent to Wg such that 
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'Cvfe[6'2]H'9 = [^fclwg- Using Proposition 15.51 we obtain that A is diffeomorphic to 

[C26'2 + 03613 + CiOilwg- 

By the condition C2 ^ we have a difFeomorphism 4* G SymmiWij) of the form 
(5.12) ^ : {xi,X2,X'i) ^ {\c2\~ixi,\c2\~^X2,\c2\'ix'i) 

and we obtain 

'^*{[c202 + Cz6:i + Cie4\wa) = [-^e2+Cz\c2\~^ez+C4\c2\~^ei]wr, = [±e2+^^ 

\C2\ 

The algebraic restrictions [62 + cz9z +Ci64\w,j and [—62 + &3^?3 + b^94\w9 ^^^^ '^o* 
diffeomorphic. Any difFeomorphism $ = ("I>i,...,$2n) of (M^",0) preserving Wi 
has to preserve a curve C2{t) — {t^, —t*, —t^, 0, . . . , 0). Hence $ has a hnear part 

A'^xi + AuX4 + ■ ■■ + ^i,2na;2„ 

^2,ia;i + A'^X2 + A2iX4 + ■ ■■ + ^2,2na;2n 

^3,1^1 + ^3.2a;2 + ^^2^3 + ^342:4 + • • • + ^3.2«a;2„ 



9 



$1 

(5.13) $4 



^442:4 + • • • + ^4,2na;2n 



*2n : ^2n,4a;4 + • • ■ + A 

2n,2nX2ri 



where A, Aij £ 



If we assume that <I>*([6'2 + C36'3 + C494]wa) = [-82 + 636'3 + 64^41^9, then 

A^dxi A dx^\Q = —dxi A dx^\Q, which is a contradiction. □ 



Statement (m) of Theorem I 5 . 241 foUows from the conditions in the proof of part (z) 
(codimension) and from Theorem 15.41 and Proposition 15. 61 (svmplectic muhiphcity) 
and Proposition 15.71 findex of isotropy). 

Statement [Hi) of Theorem 15.241 foUows from Theorem 14.41 The singularity 
classes corresponding to normal forms are disjoint because they can be distinguished 
by geometric conditions. 

To prove statement {iv) of Theorem 15.241 we have to show that the parameters 
c, ci , C2 are moduli in the normal forms. The proofs are very similar in all cases. We 
consider as an example the normal form with two parameters [9i + ci02 + C29z\wa- 
From Table [To] we see that the tangent space to the orbit of [6*1 + Ci92 + C293]wo 
at [9i + ci92 + C29z\wa is spanned by the linearly independent algebraic restrictions 
[76'i + 8ci6'2 + 9c26'3]h'9, [9i\wc,, [9b]w3, [96]wa, [97]w3, [9i\wsi [99\wc, - Hence the alge- 
braic restrictions [^2]w9 and [03]w9 do not belong to it. Therefore the parameters 
ci and C2 are independent moduli in the normal form [^i + Ci92 + 026*3] vKg- 
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